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d7e�fQg�hYikjmlknpoMqQrtsvuwoMg
fQqQo-xQlvuwyQlvo�zv{!|`eQ}�~t��h�oMf+z��AoMlknp�MumxQl
o�e=nk}�l]rtl
��q�}�q=xQqQh���{�rt{�jwhV��npl��P��{jmqSrtqQ�]oMg���e�hMuw�v��rtl�qQ�M��eQikj���q�}�q=xQg�fQqQo-xQlvuwyQlvo!z�lQ���	q�jwqQr�x-~��ml�jm|wh=nplvrtl%ipjwlpnpoMq+rtsvumo�qQhoMl]�!q���qQf+����oMs%ipjwlpnpoMq+r�s]umo�qQh�fQqQo-xQlvuwyQlvo!z�{����+l��P��{�|`eQ}�etfQqQo-xQlvuwyQlvo<jmoM�/ikjmlpnpoMq+rtsvuwoMs�{7eQ���imqQ��h�jmoMs+��qQ�-x<~-f-��l�ikjwe+���'��q+hM�v��j �Kl]{�l]uwikjmu`eQiwikq=x+e%f-uw{�jwgvuw{�e����+l]ikjm��{��vl�|`eQ}Me�f+qQo<xQl]umy+h=npl�ikjml��npoMq+r�s]umoMs+��e���l�oMl�e���imqQ��h�jmo�sQ�wnpl�jm|wlv��e ��qQhM�]��j!np{�o<¡�z`¢%f-uw{�jwgvuw{����Rx�o�e+�kl]r£��|m����eQ}Ms�oMlpnk�]eQikjmsknp{¤�{�uw{�z`¢M��l�jwqRx+ete�oMlv��qS¥���lv��q=x+eM�
¦ 9 4 I'1 ��§�¨�©�ª�«�¬=«�­�® ¯�°²±�® ¯�³�´��Aµ l]z`¢+¶ ∑∞

n ·/¸ fn ⇒ o�e�oMlv�Mu`��¹�}�oMg3rtoMqQ�]{�oMs
M ⊂ R

�/µ l]z`¢+¶
{gn}∞n ·/¸ nplº��q<ik��qQh��MoMq+ikj��ZhMoMf+z�� ikjmlkn²o�qQrtsvuwoMsºqQrtlv¹]lvo��Ko�e

M
�»µ l]z`¢+¶�nplº�MuwqXf+e���}�g��lvx-oMg

x ∈ M
��q+im��q+hM�MoMq<ipj��v��imlv� {gn � x � }∞n ·7¸ rtqQo�q�jm¼+oMoM�Ex-¹v¢M��l]}Mlvr½f

n
�ZoMl]f-��l�ime=np��z��oMl]�!q�oMlvuwq+ikjmq+h�z���� �3�3e�f

∞
∑

n ·7¸ fngn ⇒
o�e

M.

¦ 9 4 I'1 �U¾%¯�® ¯)¿wÀ�ª�©v°P«=¬=«�­=® ¯�°²±�® ¯�³�´���µ l]zw¢<¶�r��Y��q+im��q+hM�MoMq<ipj
fn

�Zh�o�zwf-��}�lvÁ�oMq=x+e�o-¡-z`¢Ko!eoMl]�Muw�Q¹]}�oMg�r�o�qQ�v{�oMs
M ⊂ R Â °²©)Ã Ä�«=´�Åv® Ä�Å «=´�©wÆ�©vÄ�± Ç�È Â °P©`ÇvÄ�± Â «=³�Çv°UÉ=�Rjwl]}�~���q+im��q+hM�MoMq<ipj

{

n
∑

k ·/¸ fn
}∞

n ·7¸npl%ipjwlpnpoMq+rtsvuwoMs�qQrtlv¹]lvo��to�e
M

�0µ�l�zw¢+¶ {gn}∞n ·/¸ npl���q+im��q+hM�MoMq<ipj��ZhMoMf+z��7}�l�Á�oMq=x+e�o-¡�zw¢o�e
M

��ik����Ê-h=np��zv�
gn

�
x
�
⇒ Ë , x ∈M.µ�l�zw¢<¶Anpl��Muwq
f+e���}�g0��lvx-oMg

x ∈M
��q+im��qQhM�Mo�q+ikj	�v��imlv� {gn � x � }∞n ·7¸ rtqQoMqQjm¼+oMoM��x-¹v¢M��l]}�l]rf

n
�ZoMl]f-��l�ime=np��z��'oMlv��qtoMl]umq<ipjwqQh�zv�����3�	eQf

∞
∑

n ·7¸ fngn ⇒
o�e

M.

Ì eQikjmq�npl�Í���q+¢�eÎ�ZqQuwr%hM��qRx+�Qo�e�jweQf��/�vl�npltjm|wlv�!eº}M����ltx-~��ml�jm|w{�j�ik��q�np{�jmq<ipj���{�rt{�jwoM�E�ZhMoMf+zvl���Zh�oMf+z�l�}�lvÁ�oMqRx+eQoMg0|`eQ}MqQh!��oMl]��q
x-~��ml�jw|m{�j	lvÏ-{�ikjmlvo!z�{Rnplpnp�!}�lvuw{�x+e+z�l0x�oMsknke�fQg]r���q�}�s�oMlv��qo�e%oMspnkeQfQgvrÐ{�o+jml]umx+eQ��h��+jmh�jwq�}�lvuw{�x<eQz�{�im��q�����jwe�j]�-e�oMl]��q%|`eQ}�hS�M|w��rtqÑiml]�v��ikj]�	ÒÓj`e�fQq=x<¡�z`¢�M|w���!eQ}�l�zw¢tqQ�-x<~-f-��l�fQq+r%�M{�o-h=nplvrtl�oMs]f<jmlvuwg�¹�x<¡��ml�hMxQl]}�l]o<¡�zw¢�f-um{�jmg]um{���i3xQsvjmq+htq�¹]��rtsvo�simhMr%~Îet}�lvuw{�x<eQz�l+�
¦ 9 4 I'1 �m«tÆ�È=´�Å�ÄÔÅ Â ³�´ÑÉ�ÕÎÖ+©�® ¯�¬=ÕQ¿�©w��µ l]z`¢+¶ ∑∞

k ·/¸ fk npl�|we+}MeÑ�ZhMoMf+z���r�e=np��z���zw¢ºx-��eQikjmoM�}�l]um{�x+eQzvl�o�e�{�o+jwlvuwx+e���h@�
a, b

��e�oMl]z`¢+¶0lvÏ�{�ikjmh=npl jw¹vxÔ��×k¹��Qz`¢<~<jmo-¡���q�}MØ
x Ù ∈ �

a, b
�3j`e�fQq=x-¡Q��vl�|we+}Me�����imlv� ∑∞

k ·/¸ fk � x Ù �0fQq+o<xQlvuwyQh�nplQ�	�+l]ikjm��{��vl��M��e=jw�
∞
∑

k ·/¸ f
′

k

Ú Û`Ü
⇒

o!eº�
a, b

�
,Ý



Þ
��eQf

∞
∑

k ·/¸ fk
Ú Û Ü
⇒

o�e��
a, b

�
e��Muwq

x ∈ �
a, b

�0�M��e=jw�
(

∞
∑

k ·7¸ fk
�
x
� )′ ß ∞

∑

k ·/¸ f
′

k

�
x
�
.

¦ 9 4 I'1 �m©`­=¬�¯�¬=Õ=ª�©vÄ!°UÄ!à�¿`ÀMÕ=®mÕ�­=°²©v® ¯�Æ]Õ+¿�© Â °P©)Ã Ä�«�´tÅv® ÄÔ±º­+«=Ä!¬R©v®Uá<©�ÄÔ¿]©w��µ l]z`¢+¶
M ⊂ R

nploMl]�Muw�Q¹]}�o���rtoMqQ�]{�o�ete�o�l]zw¢<¶
f
�
fn

�
n ∈ N

�RnkimqQhY�ZhMoMf+z�l�}�lvÁ�oMq=x+e�oMg�o�e
M

�E�3e�fS�M��e�jm�
fn ⇒ f

o�e
M ⇔ ��{�r

n→∞

imhM� {|fn � x � − f
�
x
� | â x ∈M}

ß Ë .
�+l]ikjm��{��]lXqQ�M��eQikjºikjmlknpoMqQrts]umoMgXfQq+o<xQl]umy+lvo�zvlãoMl]im�M��¡-x+�äiºqQ�M��eQikjm����q�}MqRxQgXfQqQo<xQl]umy+lvo�zvlQ�r%h�im��rtlEx-~��klvjm|w{�j'qQ����e+ipj'��qQf+����oMs3ikjmlknpoMqQrts]umoMg3fQq+o<xQl]umy+lvo�zvl��Zo!eRnk}Mlvrtl�×k��q�}Mlv¹v|wlv��g]Ø0�!qM}�~e���qQf-h�im��r�l�iml�}�q+f+��¹�e=j���qQf+����oMs�ipjwlpnpoMq+r�s]umoMq+hYfQqQo<xQl]umy+lvo�zv{�o!e�nplpnp{�zw¢@}�qQ����ÊMf-h'�
å J=.Z?'GUIMLçæ�1 µ�l]z`¢+¶��ZhMoMf+z�l

f
npl�}�l�Á!oMqRx+�Qo�e nkeQfQqtimqQh!��l�j�|`eQ}�~

f
�
x
�0è ß ∞

∑

n ·/¸
� − Ý � n im{�o ( Ý Ë x

n é
)

.

ê�u`��lvjml�}�lvÁ�oM{���oM�Eq+��qQu
�ZhMoMf+zvl
f
��qQ��q+u�ik��q�np{�jmq<ipjw{EeÎuwqQ¹]¢Mq�}�o�s�jml+�-npl�ipjw��{�l�Ï�{�ikjmh�npl

f ′
� Ë ����	qQf-h�}ÎeQoMq��-jwh�jmqS}�l]um{�x+eQzv{Aim��q�����jmlkn²jml+�

ë *-ì�*-,/.k1 �7q+��q+�vrtl
fn

�
x
� ß � − Ý � n im{�o ( Ý Ë x

n é
)

, hn
�
x
� ≡ � − Ý � n, gn

�
x
� ß im{�o ( Ý Ë x

n é
)

, x ∈ R, n ∈ N.

�	q�jmq+rír��ã��q+im��qQhM�MoMq<ipj {hn}∞n ·7¸ qQrtlv¹]lvoMgY�]�Qikjml]�voMgYikq+h�� jp~+�b�	q+im��q+hM�MoMq<ipj {gn}∞n ·/¸im{�zvl�oMl�ik�M��Ê<h�npl
gn ⇒ Ë o�e

R
�)�MumqQjmq+�vl�fQl�f+eQ�]}�g]r%h

n ∈ N
��¹]l�o!eRnp��j

x ∈ R
j`e�fQq=xQgQ���]l

im{�o ( ¸ Ù x
n î )

ß Ý � �Ô}�qQf+�Q�vlvrtl%e���lQ�!�]l%im�M��Ê<h=npl�e���l]im��qQÊ
gn

Ú Û`Ü
⇒ Ë o�e

R
� µ�l�zw¢<¶

K ∈ � Ë ,∞ ����	q�jmq+rï��¹vl%o�e=np��j
n Ù ∈ N

}Mq+ikjwe=jwl]�voMs�xQlv��{�fQg�fYjmqQr%h��Ôe��<~Y��umqSx��ml]z`¢Mo�e
n ∈ N

�
n ≥ n Ùe��Muwq�x��ml]z`¢Mo�e

x ∈ ð−K,K ñ ����e�jm{���q ¸ Ù x
n î ≤ πé ��ò
}-jwh�}Y�M��~-oMl+�M�vl

imhM�
x∈ ó−K,K ô |gn

�
x
� | ß ik{�o ( Ý Ë K

n é
)

≤
Ý Ë K
n é → Ë ,

etjwl]}�~
gn ⇒ Ë o�e ð−K,K ñ �+np{�o<¡-rt{	ik��qRx-~

gn

Ú Û Ü
⇒ Ë o!e

R
� �	q�}���l�¤�{�um{�zw¢���lvjmq=x+e�f<uw{�jmgvuw{�enpl�jml�}�~

∞
∑

n ·/¸ fn
�
x
� Ú Û Ü
⇒, x ∈ R.

�	q�}���l�}�õ�im��l]}�f-h�ö�q-qQuwlvq=x<~+÷Mò�imyQq<q�}�qRx-~txQsvj²~�npl��ZhMoMf+zvl
f

im��q�np{�j`��o�e
R
�E¤
����l0npl�ipj

f ′n
�
x
� ß � − Ý � n Ý Ë

n é zvq+i ( Ý Ë x
n é
)

, x ∈ R,



ø
eÑjml�}�~

|f ′n
�
x
� | ≤ Ý Ë

n é → Ë .�	q�}���l
�Xlv{�lvu`ipjwuwe+imimqRx+e%f-um{�jmg]um{�e%jml�}�~
∞
∑

n ·/¸ f
′

n

Ú Û Ü
⇒ f ′,

o�e
R.

µ eRx-��z�x�ù ¹]�+zw¢-~+jwoMgvrºúM��q�}�s
x Ù è ß Ë �M��e=jm�

∞
∑

n ·/¸ fn
�
x Ù � ß Ë ,

jweQf-�vl���q�}���l�xQsvj²~�qQ¹���rtsvoMs�imhMr%~Îet}�lvuw{�x+e+z�l
r��Qr�l
∞
∑

n ·/¸ fn
Ú Û Ü
⇒ f,

o!e
R,

e�o�eRx-��z
f ′

�
x
� ß

∞
∑

n ·/¸ f
′

n

�
x
�
, x ∈ R.

d/l]}�~Îim��l]z�{�����oMs��Muwq
x

ß Ë npl]ikj
f ′

� Ë � ß
∞
∑

n ·/¸ f
′

n

� Ë � ß Ý Ë ∞
∑

n ·/¸
� − Ý � n
n é

ß
−

û
π éü .

�	q+im��l�}�oM�Aumq=x-oMq+ikj���¹]l�¹]��imf+e=j�o�eQ�M|m��f-��e+}�o��Qim��l]}�h=np��z���r�x-¡-��q�� jwlvrºè
∞
∑

n ·7¸
� − Ý � n
n é

ß
−

∞
∑

n ·/¸
Ý
n éÑý þ ∞

∑

n ·/¸
Ý� þ
n
� é

ß � − Ý ý
Ýþ � ∞∑

n ·/¸
Ý
n é

ß
−π éÝRþ .

å J=.Z?'GUIML � 1 ê�u`��l�jwl�}�lvÁ�oM{���oM��qQ��qQu���h�oMf+z�l
f

etik��qM� jmsvjml
f ′

x��mh�}�lQ�Mf�}�l�lvÏ�{�ikjmh=npl+�
f
�
x
� ß

∞
∑

n ·/¸
� Ý − |x| � n

n
.

å J=.Z?'GUIMLOÿ�1 Ò ~��klvjm|wl�jwlQ��¹�}Me�|`eQ}Me
∞
∑

n ·/¸
e�u`z jmy ( �√

nxÝ ý n
�
x
�

)

fQqQo-xQlvuwyQh=npl�ikjmlknpoMqQrts]umoMs�o�e
R
�

å J=.Z?'GUIML � 1 Ò ~��klvjm|wl�jwlQ��¹�}Me�|`eQ}Me
∞
∑

n ·/¸
� − Ý � n ik{�o�� Ý ý x

n

�
√
n



�

fQqQo-xQlvuwyQh=npl�ikjmlpnpo�qQrtsvuwoMs�o�eÎ{�o<jml]umx+eQ��h ð− Ý
,
Ý ñ ��ò�¹vo�e+��rtl�imqQh��vl�j�|we+}�~ºx@��q�}�s

x
nkeQfQq

f
�
x
� ���-��q�� jws�jwl

f ′
� Ë � �

å J=.Z?'GUIML " 1 Ò ~��klvjm|wl�jwlQ��¹�}Me�|`eQ}Me
∞
∑

n · Ù e
n �/¸ / é ik{�o ( x

πn

)

fQqQo-xQlvuwyQh=nplSipjwlpnpoMq+rtsvuwoMsSo�eº{�o+jwlvuwx+e���h ð− Ý Ë , Ý Ë=ñ �Î�Euwq
x ∈ ð− Ý Ë , Ý Ë�ñ }�l�Á!o<h=nprtl

f
�
x
�nke�fQq�imqQh��vl�j�x-¡��kl�hMxQl�}�lvoMg�|`eQ}�~+�7Ò�~-��q�����jmlknPjwl

f ′
� Ë ���

å J=.Z?'GUIML���1
	 qQ¹v¢�q�}�oMsvjmlQ�M¹]}Me�r��Ñ�Zh�oMf+z�l
f
�
x
��è ß ∞

∑

n · Ù
e−nx

î
n é

}�l]um{�x+eQzv{Ôx���q�}�s Ë �
å J=.Z?'GUIML��'1
	 qQ¹v¢�q�}�oMsvjmlQ�M¹]}Me�npl��ZhMo�f+z�l

f
�
x
��è ß ∞

∑

n ·/¸
��qQy ( Ý ý x

�

n

) Ý
n

im��q�np{�j`��o�e�{�o+jwlvuwx+e���h ð Ë , Ý ñ .
å J=.Z?'GUIMLO2�1 �-��q�����jmlkn²jml

��{�r
x→∞

∞
∑

n ·/¸
x éÝ ý n é x é .

å J=.Z?'GUIML�
�1 �-l]� jws�jwl�|we+}�h
∞
∑

n ·/¸
e−nx

n
, x ∈ � Ë ,∞ �

.

å J=.Z?'GUIMLçæ � 1 �-l]��jms�jwl�|`eQ}�h
∞
∑

n ·/¸ nx
n− ¸ , x ∈ � − Ý

,
Ý �
.

å J=.Z?'GUIMLçæ�æ!1 �-l]��jms�jwl�|`eQ}�h
∞
∑

n ·7¸
� − Ý � n− ¸ xn

njweQrº��f�}�l�npl�jmq�r�q+�voMg+�
å J=.Z?'GUIMLçæ � 1 �-��q�����jwlpn²jml

��{�r
x→ ¸ −

∞
∑

n ·/¸
� − Ý � n
n

xn

xn ý Ý .
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WYIMG)ì�.tD7J=.Z?'G)I�L _ ?ÐD/;=6'C�$'&U(Q*-,7.p1 Ò ~��ml�jw|mlvjml���q�}�q=xQqQh'�0ikjmlknpoMqQrtsvuwoMq+h'�0��q+f+����oMs�ikjml��npoMq+r�s]umoMq+h�e�eQ��ikq+��hMjmoM�QfQqQo-xQlvuwyQlvo!z�{=o��+ik��l]}�h�np��zv��z`¢�|we+} �ZhMo�f+z��+o�e�¹�eQ}MeQo<¡�zw¢�{�o+jwlvuwx+e���l]z`¢'�
∞
∑

n ·/¸
� − Ý � nx
x ý n

, x ∈ � Ë ,∞ �
,

� Ý�� �
∞
∑

n · é
� − Ý � n
n

Ý ý nx

n é − x é x ∈ � Ë , þ � ,� Ý�� �
∞
∑

n ·/¸
ik{�o��

nx
���q+y

n

e�u`z jwy
n, x ∈ R,

� Ý�û �
∞
∑

n ·/¸
� − Ý � n im{�o ( Ý ý x

n

)

√
n

, x ∈ ð − Ý
,
Ý ñ .� Ý]ü �


